Abstract. This paper suggests a new approach to the study of the fundamental properties of the zeta function of a model of elliptic curve over a global field. This complex valued commutative approach is a two-dimensional extension of the classical adelic analysis of Tate and Iwasawa. We explain how using structures which come naturally from the explicit two-dimensional class field theory and working with a new R((X))-valued translation invariant measure, integration theory and harmonic analysis on various complete objects associated to arithmetic surfaces, one can define and study zeta integrals which are closely related to the zeta function of a regular model of elliptic curve over global fields. In the two-dimensional adelic analysis the study of poles of the zeta function is reduced to the study of poles of a boundary term which is an integral of a certain arithmetic function over the boundary of an adelic space. The structure of the boundary and function determines the analytic properties of the boundary term and location of the poles of the zeta function, which results in applications of the theory to several key directions of arithmetic of elliptic curves over global fields.
This method, the only one, among seven methods of the proof of the functional equation of ζ Z (s) in Ch. II of [Ti] , can be rewritten in the adelic language, and hence can be applied to the study of zeta function of an arbitrary global field. The completed zeta function can be viewed as the adelic integral
with respect to an appropriately normalized Haar measure on the group of ideles, where f (x) is the tensor product of the characteristic functions of the integer p-adic numbers and of exp(−πx 2 ) at the archimedean prime. The functional equation of the theta function (and of the zeta integral) corresponds to the analytic duality furnished by the Fourier transform on the adelic spaces and its subspaces.
0.2. The study of adelic integrals associated to automorphic representations of algebraic groups over adeles is an important part of activity in the Langlands programme. In the commutative case the classical adelic method by Tate and Iwasawa [T1] , [I2] , [W1,W2] gives an easy proof of meromorphic continuation and functional equation of a twisted by character zeta function of a global field. Even though the method uses objects originating from the one-dimensional class field theory, it does not use the class field theory. For a quasi-character χ of the class group of ideles and a function f in an appropriate space one derives ζ(f, χ) = ξ(f, χ) + ξ( f , χ) + ω(f, χ), (s(χ)) > 1 where the first two terms are absolutely convergent integrals on the plane. Using harmonic analysis on the adelic space one obtains that ω(f, χ) is an integral over the boundary of the multiplicative group of the global field, which is just one point 0. The boundary term ω is a simple rational function either of s or of q −s . The meromorphic continuation, location of poles of the zeta integral and their residues, and the functional equation then follow from easy to establish analytic properties of the boundary term.
In the general case of algebraic groups the analogue of the boundary term is an integral over the boundary of an algebraic group over a global field, it has finitely many poles in s or in q −s . In particular, a cuspidal function has the property that the corresponding boundary term vanishes. Similarly to the commutative case one gets the functional equation and analytic properties of the zeta integral [GJ] , [So] , [D] .
Langlands indicated in [La] that "progress in functoriality has been largely analytic, exploiting the more abstract consequences of abelian class-field theory but developing very few arithmetic arguments". On the other hand, in a theory of special values of zeta functions, which is largely parallel to functoriality, some of the progress has been purely arithmetic, and "relations between the analytic theory and the arithmetical have often been uneasy". He also mentions that "apparently we can only effect the analytic continuation of the factors of the zeta function if we first exhibit them as automorphic L-functions"; and the latter is a stronger property than the former. 0.3. Instead of going from the one-dimensional commutative theory, GL 1 or K 1 , to the onedimensional noncommutative theory, i.e. algebraic groups over one-dimensional global fields, in this work we go in the direction of using objects associated to two-dimensional global fields, as a two-dimensional commutative theory. The two generalize commutative adelic analysis of this paper is based on the work carried out in [2001] [2002] [2003] [2004] [2005] [2006] . A new translation invariant measure and integration on two-dimensional local and adelic objects associated to arithmetic surfaces are employed to define and study properties of two-dimensional zeta integrals
The central case discussed in this paper is the case of a regular model of elliptic curve over a global field. From the point of view of underlying Galois structures, this work is based on the maximal abelian extension of a two-dimensional global field, the field of rational function on the model, whereas the prevailing methods to deal with arithmetic of elliptic curves have been to use the (noncommutative in general) extension of a global field generated by points of finite order of elliptic curve.
Let E be an elliptic curve over a global field k and let E be a regular model of it. Let ζ(s) be the square of the Hasse-Weil zeta function ζ E (s) or of the Hasse zeta function ζ E (s), each of them multiplied by c s where c is the conductor associated to ζ E or ζ E . So ζ(s) is a generalized Dirichlet series m∈c −1 N c m m s . A simple way to describe a two-dimensional analogue of the procedure applied above to the Riemann zeta function is the following. Let, for simplicity, k = Q. According to the theory of this work the completed function is ζ(s) = ζ Z (s/2) 2 ζ(s) (more generally, the first factor can be the product of squares of several completed zeta functions of global fields at s/2). This function has an integral representation 2 x , h(x) = x 2 u(x) − u(x −1 ). The first two integrals are absolutely uniformly convergent and are entire functions on the complex plane. Using analytic duality on arithmetic surfaces furnished by a two-dimensional Fourier transform one can reveal more information on the boundary term ω(s), which gives a new approach to the study of the zeta function ζ(s). In particular, a two-dimensional theta formula plays a fundamental role, similar to the one-dimensional theta formula role in the calculation for the Riemann zeta function, see Theorem in section 6. 0.4. The two-dimensional method includes applications in several directions. The first is the work on a weak version of the Taniyama conjecture, stated below. This weak version when proved would imply the meromorphic continuation of the Hasse zeta function without establishing automorphic properties of its factors. The other is the study of location of poles of the zeta function towards better understanding of the Riemann hypothesis for elliptic curves over global fields. The third is the study of (at least the rank part of) the Birch and Swinnerton-Dyer conjecture, which proceeds using the boundary integral encoding both arithmetic and analytic data. The fourth is a development of the theory of automorphic functions in dimension two and its applications in various directions.
The two-dimensional adelic analysis establishes new bridges between the analytic and arithmetic aspects of the study of the zeta function of arithmetic surfaces, in particular, of the zeta function of elliptic curve over a global field. Recall that most of existing successful methods to deal with the central issues of zeta functions of elliptic curves are of such nature that they work only over a restricted class of number fields. On the other hand, the main conjectures in the Langlands programme and the main conjectures about special values of zeta functions are stated over an arbitrary global field. One of greatest advantages of adelic methods in dimension one and two, as well as the class field theory, is that they work over an arbitrary global field.
This text presents the main features of the two-dimensional commutative theory of zeta integrals. For a very short review see [F7] . The text consists of ten sections based on the theory of [F3-F5] and related papers. I am grateful to A. Borichev, D. Gaitsgory, D. Kazhdan, M. Morrow for most recent discussions of topics of this work. The work was partially supported by the EPSRC grant EP/E049109. 0.5. Now we go briefly through the content of the sections.
Section 1 introduces main features of higher dimensional local fields and then sketches the theory of the translation invariant R((X))-valued measure on them. The measure takes into account the arithmetic structure of two-dimensional local field. In this text we discuss some of the main features of the theory, for more details and different approaches see [F3] , [F4] , [KL] , [HK] , [Mo1] .
Section 2 introduces basic adelic spaces in dimension two and their properties. For an arithmetic scheme S corresponding to a model of a smooth projective curve over a global field k we introduce an adelic space A, this space in dimension two satisfies two adelic conditions, one of which is taken with respect to the rank two integral structure. Using the two-dimensional local theory of section 1 and in parallel to the one-dimensional theory of Tate, in section 3 we define an R((X))-valued measure, C((X))-valued integration and transform of certain functions on the adelic spaces. Those functions are essentially tensor products over a set of irreducible curves on the arithmetic surface of pullbacks with respect to residue maps of functions on residue adelic objects.
An explicit two-dimensional class field theory is sketched in section 4, its initial knowledge is useful but not necessary for understanding the theory of this paper. Abelian extensions of S are described by open subgroups of finite index in a certain K t 2 -delic group J S /P S associated to S, and for the purposes of the unramified theory one can work with even a simpler quotient object J/P .
The main object of the study, a two-dimensional zeta integral
for a function f in a two-dimensional extension of the space of Bruhat-Schwartz functions, and a quasi-character χ of J S /P S is introduced in section 5. We discuss its properties in the central case of arithmetic scheme E corresponding to a regular model of an elliptic curve over a global field. The first calculation of ζ(f, | | s 2 ) in the case of arithmetic scheme E compares it with the zeta function ζ E (s) and proves its existence on the half plane (s) > 2. For curves of higher genus g one should do a renormalization of the zeta integral using the (g − 1)-st power of the zeta function of the projective space over the base.
The second calculation of the zeta integral for a centrally normalized function f and a twodimensional theta formula are described in section 6. There we show that ζ(f, | | s 2 ) is the sum of three terms
2 ) on the half-plane (s) > 2 with an entire function ξ(| | s 2 ). Thus, similar to the theory of Tate and Iwasawa, the study of the functional equation and meromorphic continuation of the zeta integral for the unramified character in dimension two and of its poles are reduced to the study of the corresponding properties of the boundary term ω(| | s 2 ). The boundary term up to a non-zero constant factor equals the integral N − h(n) n s−2 dµ N − (n) where h(n) is a real valued function which comes from adelic integration on the scheme. In characteristic zero the boundary term is the (one-sided) Laplace transform of h(e −t )e 2t . Using a two-dimensional theta formula we get a representation of the boundary term which involves integration over the boundary ∂T 0 of a certain adelic space T 0 . This adelic space is of local-global nature, which should be studied in relation to the adelic object T and to a discrete object K × of invertible rational functions of E.
0.6. Sections 7-9 present results, methods, ideas and hypotheses in three central directions of the further development of applications of the theory: meromorphic continuation and functional equation, location of poles, and the behaviour at s = 1. In the first and second direction we state concrete hypothesis in sections 7-8 which together with the theory of this work are aimed to imply meromorphic continuation and functional equation and Riemann Hypothesis for the poles of the zeta integral. In the third direction of the rank part of the conjecture of Birch and Swinnerton-Dyer in section 9 we propose a concrete new method to deduce it using the theory of this work. In section 7 we easily get the first functional equation for the function h: h(n −1 ) n = −h(n) n −1 is straightforward. The issue is what are additional properties of h which would imply the meromorphic continuation and functional equation of ω. Note that the zeta integral corresponds to the square of the zeta function, which itself mixes the automorphic structures of its factors and hence h cannot be expected to possess any clean automorphic properties. As a replacement of the second functional equation for classical modular forms, a new hypothesis on mean-periodicity in an appropriate functional space of a function related to h is proposed in section 7. The general theory shows that the mean-periodicity of H implies meromorphic continuation and functional equation of the zeta integral, the square of the zeta function of E, of the zeta function of E and of the L-function of E. In positive characteristic the function H is indeed mean-periodic in the space of functions on integers. In characteristic zero a recent work of M. Suzuki, G. Ricotta and the author [SRF] shows that if the zeta-function of E has meromorphic continuation of expected shape and satisfies the functional equation then the corresponding function H is indeed mean-periodic in several functional spaces, which include the space of infinitely differentiable functions on R of exponential growth. The hypothesis can be viewed as a weak version of the Taniyama conjecture since the conjectured mean-periodicity of a certain function H, which in characteristic zero equals h(e −t ), is weaker than the automorphic property of the L-function of elliptic curve. In particular, one can say that this new hypothesis addresses one of the issues raised by Langlands about getting meromorphic continuation of L E without proving their full automorphic properties.
The function H and its first two derivatives are monotone functions near infinity, and it is natural to study the monotone behaviour of its third derivative. In section 8 we show that the permanence of the sign of the fourth derivative of H near infinity and the real part of the Riemann hypothesis for the zeta integral (i.e. the only real pole inside the critical strip is at s = 1, this condition is easy to check computationally for any given E) imply the Riemann hypothesis for the zeta integral. It is expected that the difficulty of proving the permanence of the sign of the fourth derivative of H near infinity is essentially smaller than the difficulties associated with the work on the classical Riemann hypothesis. One of the reasons is that in dimension two the boundary ∂T 0 of T 0 is very large unlike the dimension one case, which results in smoothening of the behaviour of related functions, like H and its derivatives. For analytic study of several aspects of the positivity of the fourth derivative of H near infinity see the recent paper [Su1] . In particular, assuming that the L-function of E has holomorphic continuation and functional equation and satisfies the Riemann hypothesis and assuming that the multiplicity of the real zero on the critical line is strictly greater than the multiplicity of nonreal zeros, M. Suzuki has proved the positivity of the fourth derivative of H near infinity, modulo a technical condition.
The analytic behaviour of the zeta integral at s = 1 is completely described by the behaviour at s = 1 of the boundary term, which itself involves an integral over the boundary of the space T 0 . The boundary decomposes into the product of a finite number (related to the rank of E) of spaces associated to curves and some other simple spaces. The boundary term at s = 1 serves as a bridge between the analytic rank and arithmetic rank of E. Thus we get a new, adelic, complex valued approach to study the conjectured equality of the analytic and arithmetic ranks of E. This method is sketched in section 9.
It is a remarkable phenomenon of the two-dimensional adelic analysis theory that the study of three aspects: meromorphic continuation and functional equation, location of poles and local behaviour at s = 1 becomes much more related to each other in the two-dimensional theory than in the traditional approaches, where they are quite separated.
On the basis of the two-dimensional adelic analysis, in section 10 we suggest new concrete objects functions on which should be related to the space of automorphic G m × G m -and G × G-functions on the surface E. These objects mix in a nontrivial way two integral structures on the arithmetic surface E: one structure which corresponds to divisors and is more of geometric nature, and another structure which corresponds to zero cycles on the surface and which is of more arithmetic nature.
This text is dedicated to J.T. Tate and A.N. Parshin whose mathematical works have greatly influenced areas of arithmetic geometry intensively used in this work.
1. Local theory 1.1. Two dimensional local fields. A local field (archimedean, R, C) or nonarchimedean, with finite residue field, can be geometrically viewed as associated to a closed point x (including in one or another way archimedean valuations) of a one-dimensional arithmetic scheme B, i.e. of the spectrum of the ring of integers of algebraic number field or a smooth projective curve over a finite field.
Let S be an integral normal scheme of dimension two. We assume that we are in a relative situation: there is a proper flat morphism S −→ B with fibre dimension one, where B is a onedimensional arithmetic scheme as above, and the generic fibre of S is a nonsingular projective geometrically irreducible curve over the field of functions k on B. Unless stated otherwise, we assume in addition that S is a regular scheme.
Denote by K the field of rational functions of the arithmetic scheme S. We will use the word "fibre" for closed fibres, and we will denote the fibre of S over b ∈ B 0 by S b . Unless stated otherwise, we will assume that the components of the reduced part of every fibre intersect transversally if necessary performing blowing ups.
A two-dimensional local field is associated to a point x on an irreducible curve y on S. For example, consider the completion O x of the local ring of S at x and localize and complete this ring with respect to the prime ideal corresponding to a local branch of y at x, the field of fractions of the latter ring is a two-dimensional local field. Alternatively, consider the completion O y of the local ring of S at a curve y, its residue field is k(y); given its completion associated to a point on the curve one can form a two-dimensional completed version of O y whose fraction field will be a two-dimensional local field, isomorphic to the previous one if x is a nonsingular point of y.
There are four types of two-dimensional local fields: (1) power series field in two variables over a finite field F q ((t 1 ))((t 2 )), these fields are associated to points on vertical and horizontal curves on S when K is of positive characteristic; (2) power series field in one variable E((t)) over a local nonarchimedean number field E, these fields are associated to points on horizontal curves on S when K is of characteristic zero; (3) power series field in one variable E((t)) over a local archimedean field E, these fields are associated to "archimedean points" on horizontal curves on S and to points on "vertical curves" on S over archimedean primes of B when K is of characteristic zero; (4) mixed characteristic fields -finite extensions of the field Q p {{t}} which is the fraction field of the completion of the local ring Z p [[t] ] with respect to its prime ideal generated by p, these fields are associated to points on vertical curves when K is of characteristic zero.
For a detailed presentation of main properties of two-dimensional fields see [IHLF] and references therein.
Power series fields over one-dimensional local fields can be viewed as arithmetic loop fields. Recall that the space of complex valued continuous functions on the unit circle contains the space of complex functions continuous on the unit circle which have meromorphic continuation to the unit ball and holomorphic outside its centre, the latter space is a subspace (via Taylor series at the origin) of a formal loop space C((t)).
Let F be a two-dimensional local field. Denote by O = O F the ring of integers with respect to the discrete valuation of rank one of F . Call fields of type (1), (2), (4) For a nonarchimedean two-dimensional local field we have the following 2d picture of O-modules inside F : 2 where θ i,j are from a set of representatives of the finite residue field. Normally we take multiplicative representatives. The set of coefficients θ i,j satisfies a certain condition of being zero outside an admissible set of indices i, j. So we can view F not just as an infinite dimensional topological space (in the equal characteristic case) but as a more refined topological structure which in particular incorporates certain arithmetic information in it. Define a topology on the multiplicative group F × as induced from the topology
. In dimension two the group F × is a topological group with respect to this topology. In the nonarchimedean case F × is the product of discrete cyclic groups generated by t 1 and t 2 and the group of units O × with the induced topology from F .
Let ψ be a nontrivial continuous complex character of F . We can choose it such that it has conductor O, i.e. O is the largest O-submodule of F on which this character is trivial. One can show that every continuous character of F can be uniquely written as a multiplicative shift of ψ, i.e. as α → ψ(βα) for some β ∈ F . In this sense the field F is self dual. A way out is to work with R((X))-valued translation invariant measures on two-dimensional local fields, viewing R((X)) endowed with a two-dimensional topology. Define a function µ on the ring A of sets generated by closed balls a + t i 2 t j 1 O with respect to the rank two integral structure
Then the function µ is well defined, translation invariant and finitely additive. Moreover, it is countably additive in the following refined sense. Call a series α n , α n = a i,n X i ∈ C((X)), absolutely convergent in the two-dimensional local field C((X)) if there is i 0 such that a i,n = 0 for all i < i 0 and all n and if for every i the series n a i,n absolutely converges in C. Then for countably many disjoint sets A n in A such that ∪A n ∈ A and µ(A n ) absolutely converges in C(X)) we have µ(∪A n ) = µ(A n ). See [F3,F4] for more details.
We define the space of integrable functions in several steps. First, consider the space R F of all functions f : F −→ C((X)) which can be written as a sum of a function which is zero outside finitely many points and of c n char An with countably many disjoint measurable sets A n , c n ∈ C((X)), such that the series c n µ(A n ) absolutely converges in C((X)). Define f dµ = c n µ(A n ), this definition is consistent. For example, char O dµ = 1 and char O dµ = 0, but note that O ∈ A.
In order to have an analogue of the Fourier transform, we have to extend this class of integrable functions to include functions of type α → ψ(βα), where ψ is a continuous character of F with conductor O. This larger space is generated by functions f : F −→ C((X)) which are zero outside a subgroup A in A, such that the function g(x) = i f (a i + x) for some a i ∈ F , 1 i m, belongs to the previously defined space of functions. Then define f dµ = 1 m g dµ and check the consistency, see [F3,F4] .
In particular, if a function Now for an integrable function f define its transform
Given f ∈ Q F , the function F(f ) belongs to Q F , and reducing to the one-dimensional case one easily gets a double transform formula
, where E is an archimedean local field, the ring of measurable sets is generated by
The measure is a translation invariant additive measure µ on this ring such that µ(B) = µ E (D)X i where µ E is the ordinary Lebesgue measure on E if E is real, and is twice the ordinary Lebesque measure on E if E is complex. Define a character ψ:
). The transform of an integrable function f is defined by the same formula as above.
More generally, given an integral domain A with principal ideal P = tA and projection p: A −→ A/P = B and an R-valued translation invariant measure on B, similar to the previous theory one defines a measure and integration on A and its field of fractions. For example, the analogue of the ring A is the minimal ring which contains sets α + t i p −1 (S), where S is from a class of measurable subsets of B, its measure is by definition X i µ B (S); the space of integrable functions is generated by functions α → g • p(t −i α) extended by zero outside t i A, where g is an integrable function on B. Such an R((X))-valued measure and integration on A is natural to call a lift of the measure and integration from B to A. See [Mo1] for a systematic development of this point of view.
Let α ∈ F × . Then for any A ∈ A the set αA is measurable and µ(αA) = |α|µ(A) with |α| independent of A. Thus we get a two-dimensional module | |:
it is a generalization of the usual module on locally compact fields.
1.3. Remarks. 1. There are three other approaches to translation invariant measures on higher dimensional local fields and algebraic groups over them (where many new interesting phenomena show up). One of them is due to Hrushovski-Kazhdan, this approach unifies the translation invariant measure with the so called motivic measure, and it uses model theory, therefore it best works when the residue field E is of characteristic zero, see [HK] . Another approach is due to Kim-Lee, where a truncated version of the measure µ is used, see [KL] . The third approach is due to M. Morrow, [Mo1] , its great advantage is that is leads to measure and integration theory satisfying Fubini property on finite dimensional vector spaces over higher local fields, see . For the purposes of working with translation invariant measures on algebraic groups over two-dimensional local fields the class of measurable sets of a finite dimensional vector space over it should be a much larger set than the ring of sets generated by products of measurable sets in F .
However, for the purposes of the study of the (commutative) zeta integral in dimension two it is sufficient to work with the latter ring. Thus, extend in the natural way the measure on F to a measure on F × F . Define spaces of functions R F ×F and Q F ×F similarly to the previous definitions.
2. The Feynman measure is a translation invariant measure on the loop space of continuous functions on the unit circle. This measure still lacks a solid mathematical foundation which would justify all its applications in physics. The translation invariant R((X))-valued measure µ on the arithmetic loop fields, i.e. two-dimensional local fields, has a number of striking similarities to the desired properties of the Feynman measure, for their list see section 18 of [F4] .
3. Using projective and inductive limits constructions one can easily define the Fourier transform on spaces of functions and distributions over a two-dimensional local field without defining and using a translation invariant measure and integration, see [GK] . A recent work [OP] elaborates on this and on similar properties of the Fourier transform on adelic spaces in the case of positive characteristic. It is not clear whether this approach can be applied to the study of the zeta integrals in dimension two.
A crucial underlying feature of the approach of this work is to make the integration theory on arithmetic surfaces as explicit and simple as possible, often being motivated by arithmetical considerations which in particular come from the explicit higher class field theory. The explicit work with concrete translation invariant measures is important for the study of the zeta integral and its applications.
Adelic spaces in dimension two
2.1. General notation. Let S → B be as in 1.1. Irreducible closed subschemes of dimension one of S endowed with the structure of an integral scheme will be called curves y, and we call closed points of S points x. We will also use notation y for fibres. Denote by S the set of vertical curves of S −→ B.
If y is a curve on S, denote by K y the field of fractions of the completion O y of the local ring of S at y. The field K y is a complete discrete valuation field with residue field k(y). For a closed point x denote by K x the field of fractions of the completion O x of the local ring of S at x. For x ∈ y and a local branch z of y at x let K x,z be the z-adic completion of K x , so K x,z a two-dimensional local field. Denote by O x,z the ring of integers of K x,z with respect to the two-dimensional structure and by O x,z be the ring of integers in K x,z with respect to the discrete valuation of rank 1. Denote by E x,z the residue field of O x,z and by k z (x) the finite residue field of O x,z .
For a map K from the set of all x ∈ z, z a local branch of a curve or fibre y on S passing through a point x, to abelian groups we denote by K x,y the direct sum of K x,z where z runs through the local branches of y at x. We write x∈y K x,z for the direct sum (= direct product) of K x,z where for each x one branch z of y at x is taken (in this case the data on each of the branches will be the same).
Let y be a horizontal curve in characteristic zero and let t y be a local parameter of the discrete valuation field K y . Take an embedding σ: k −→ C and extend it to an embedding ω: k(y) −→ C.
Denote by E ω,y the archimedean completion of k(y) with respect to ω and by K ω,y the corresponding two-dimensional local field E ω,y ((t y )). Denote by O ω,y its ring of integers. To simplify notation we often view ω as a "point x on y" and include the field K ω,y in the list of fields K x,z associated to y. We get natural embeddings
2.2. Adelic spaces in dimension two. We will define several adelic spaces in dimension two, as we will be working with several of them. One of them, A S in the case of positive characteristic was introduced 30 years ago by Parshin [P1] , [P2] .
For a nonsingular curve y on S and integer r define an adelic space
Here A k(y) is the one-dimensional adelic space of the one-dimensional global field k(y). In characteristic zero the lifts have to be defined in a suitably nice way, see section 25 of [F5] for details. Put
Denote by p y : A y → A k(y) the projection map a i t i y → a 0 . If y is a singular curve define A y similarly working with all two-dimensional local fields K x,z associated to y, i.e. associated to the normalization of the curve. So for every branch z of y at a singular point x we get such a field. We will identify two such fields associated to transversally intersected branches at a singular point, mapping a local parameter of the residue field of the first field to a local parameter of the residue field of the second field. Define p y similarly to the above.
If y is a fibre, define the adelic space A y consisting of {(a x,y ) x∈y } with a x,z ∈ K x,z , so that for every component of y the corresponding local elements belong to the adelic space on the curve.
Define a large adelic space A S associated to the integral structure of rank one on S. As a subspace of K x,z it is the restricted product of A y , where y runs through all fibres and horizontal curves on S, with respect to A 0 y in the following sense: (a x,y ) x∈y with a x,z ∈ K x,z belongs to A S if and only if (a) for almost all y the element a x,y belongs to O x,y for all x ∈ y and (b) there is an integer r such that (a x,y ) x∈y belongs to A r y for every y.
For a set S of fibres and horizontal curves define the adelic space A S similarly to the above replacing everywhere y by y ∈ S .
Define
Here in characteristic zero we ignore certain data which come from "archimedean fibres" over archimedean places of k, as this is not relevant for the study of the zeta integral.
The adelic space A S in positive characteristic was introduced by Parshin and its initial study is contained in [P1,P3] , [PF] , [Be] . In [P3] and [P4] this space is denoted by A 012 .
Using diagonal embeddings K y → K x,y , K x → K x,y , inside the space A S we have two smaller local-global spaces B S and C S as the intersection of A S ⊂ K x,y with the image of the first and second product:
For a subset S of the set of curves on S define the adelic space B S as the diagonal image of the intersection of y∈S K y with A S .
The adelic spaces denoted above by the bold font are one of two types of adelic spaces on arithmetic surfaces. They are predominantly associated to the integral structures of rank 1 on the surface, i.e. to divisors on the surface, and are quite useful for algebraic geometric studies. In dimension two there are adelic spaces A, B of the second type, they take into account a more refined information associated to the integral structures of rank 2 on the surface. We will have the following picture of adelic spaces
The spaces A, B will be very useful in the study of the zeta function of the surface. One of their important features is that one can integrate over them, unlike the adelic spaces of the first type A, B.
Now we introduce an adelic space A as follows. For a curve y let A y = A 0 y and for a fibre y let A y be the product of the A-spaces associated to its components. Denote by p y : A y −→ k(y) the restriction of the homomorphism p y defined above. Put O ω,y = O ω,y . At singular x of a fibre y let O x,y be the preimage with respect to p y of the completion of the localization of the curve y at its singular point x. Define OA y as the intersection of A y with the product of O x,y at nonsingular x ∈ y and of O x,y at singular x ∈ y.
Introduce a two-dimensional adelic object A S , a subspace of A S , as the restricted product of A y , y ∈ S, with respect to the integral structure OA y of rank 2: an element (a x,y ), a x,y ∈ K x,y belongs to A S if (a) for almost all x, y such that y x the element a x,y belongs to O x,y ; (b) for every y the element (a x,y ) x∈y belongs to A y .
These conditions imply that if (a x,y ) x∈y∈S ∈ A S then for almost all y the element α y = (a x,y ) x∈y can be written as i 0 a i t i y where a i are lifts of a i ∈ A k(y) to a i ∈ x∈y O x,y and a 0 ∈ x∈y O x,y .
For a subset S of curves define
From now on fix a subset S of the set of all fibres and finitely many horizontal nonsingular curves on S . Put
For a horizontal curve or a fibre y put B y = O y and define B = B S as the intersection of B y in A y with A S .
2.3. Additive duality. For each horizontal curve and fibre y one can choose a complex character ψ y = ⊗ x∈y ψ x,y of A y trivial on B y , this character is just an appropriate lift of a character on A k(y) trivial on k(y). For a singular fibre one can choose an appropriate character which corresponds to the canonical (in this case = dualizing) sheaf on its reduced part, see section 27 of [F5] .
The conductor A x,z of the local character ψ x,z equals O x,z for almost all x ∈ y. However, since there are infinitely many vertical curves on S, in general the local conductor Endow A with the following translation invariant topology: it has W x,z ∩A as a fundamental system of neighbourhoods of zero, where W x,z are open neighbourhoods of zero in K x,z with respect to its topology. Then A is a reflexive space: the dual to the dual of it (in the topological sense) canonically isomorphic to it.
Unlike the one-dimensional case, since S contains infinitely many curves, the space A is not self dual with respect to ⊗ψ y , but it is easy to describe the dual space to A, see section 29 of [F5] .
Denote by the same notation | | x,z the module on K x,z × K x,z which is the product of the modules of the components. Denote by | |:
× → R the product of the local modules.
Measure and integration on adelic spaces
From now on we will assume that the reduced part of every fibre of S −→ B is semistable. We will use the notation y for a horizontal curve in the finite horizontal part S − of S fixed in the previous section or for a fibre.
Certain parts of the following theory are parallel to the classical theory in [T1] and [W2] .
To work with the zeta integral we will need measure and integration on A × A, (A × A) × , and on B × B and (B × B)
× . The central object of two-dimensional adelic analysis is an unramified zeta integral. The zeta integral will be an integral with respect to a measure on (A × A) × .
Define normalized additive and multiplicative measures: let the measure µ x,z be normalized by the condition µ x,z (O x,z ) = q dx,z/2 x,z , d x,z is defined in 2.3, and let µ Kω,y be as defined in section 1.
If y is a nonsingular curve then the space A × y coincides with the preimage of its image with respect to the projection map p y . Functions which we will integrate in the study of the zeta integral will all be constant on groups associated to A 1 y . Hence for the purposes of this work it is sufficient to work with an R-valued measure on (A y × A y )
× which is the pullback with respect to (p y , p y ) of a normalized one-dimensional adelic measure on ( 
× (of course the integral of the function against it equals the integral against the measure which is the tensor product of µ (Kx,y×Kx,y) × , x ∈ y) and with the measure on (A × A)
× which is their tensor product.
3.1. Space Q A×A of functions on A × A and adelic transform F. Using the local transforms F x,z associated to the fixed in the previous section local characters ψ x,z and normalized measures µ x,z defined above one gets an adelic transform F.
Define the space Q A×A of functions on A × A generated by functions
where p ω,y is the projection to the first residue field and h (m) ω,y is in its Schwartz space, and for almost all x, y we have
Ox,z , such that for all y for almost all x ∈ y the integer c x,z,m equals zero, and x∈y q dx,y/2−c x,y,1 −c x,y,2 x,y = 1 for almost all y. For a function f as above define its adelic transform F(f ) as the product of its local transforms and then extend to the space Q A×A .
For example, if f = ⊗ x∈y char
Ox,y,t 1
This will work nicely when S is associated to an elliptic curve over a global field.
Space R (A×A) × and measure and integration on
From the definition of A we deduce that the multiplicative group A × is the restricted product of A × y with respect to (OA y ) × , y ∈ S . Similarly to the definition of A y = A 0 y define an adelic space
Define µ (Ay×Ay) × as the tensor product of the normalized local measures µ (Kx,y×Kx,y) × , x ∈ y. The definition of (A y × A y ) × implies that µ (Ay×Ay) × is a real valued measure.
Define µ (A×A) × as the tensor product of µ (Ay×Ay) × , y ∈ S . Define a space of functions R (Ay×Ay) × as the linear space generated by 
and extend by linearity to R (A×A) × .
3.3. Example. Let f = ⊗ x∈y f x,y where for all nonarchimedean x, z
Ox,z)
, and for all y ∈ S c x,z,m = 0 for almost all x ∈ y, m = 1, 2, for almost all y ∈ S x∈y q cx,y,m x,y = 1, m = 1, 2; and c x,z,m = c x,z ,m for two local branches z, z of a fibre at x. Define the components of f over archimedean places as
where | | is the usual absolute value, p y is the projection map, e ω = 1 if ω is a real embedding and e ω = 2 if ω is a complex embedding. Then
where for y ∈ S − the factor Γ ω,y (s) = π −s Γ(s/2) 2 if ω is a real embedding and Γ ω,y (s) = (2π) 2−2s Γ(s) 2 if ω is a complex embedding. So we get
The product of the Euler factors equals the square of the Hasse zeta function of S times additional factors at singular points on fibres; we take care of the latter factors later in 4.3 and 5.1 where we introduce a subgroup T of (A × A)
× over which the zeta integrals will be taken.
For the product x∈y∈S q dx,y−(c x,y,1 +c x,y,2 )s Components of a measurable set with respect to this measure for almost all y ∈ S are sets (p y , p y ) −1 (pt). Define a measure µ B×B = ⊗µ By×By .
For a subset S o of S of fibres and horizontal curves and a function f = ⊗f y ∈ Q A×A ,
as equal to y∈So k(y)×k(y) g y dµ k(y)×k(y) and extend to the space generated by such functions. The right hand side can diverge if S o is infinite.
Since the measure on k(y) is discrete counting, it induces the measure on k(y) × . Define the measure on (B y ×B y ) × as induced from the measure on B y ×B y . So this measure is just the pullback with respect to (p y , p y ) of the discrete measure on (k(y) × k(y))
× . Define the measure on (B × B)
× as the induced from the measure on B × B. For a subset B = (p y , p y ) −1 (B y ) of (B × B) × and f = ⊗f y as above, define B f dµ (B×B) × = y By g y dµ k(y)×k(y) .
3.5. Summation formula. For a function f ∈ Q A×A and a finite subset S o of S , α ∈ (A So ×A So ) × we get a summation formula, which follows from the one-dimensional formula and the duality associated with the canonical sheaf on a fibre (see section 32 in [F5] )
If we use f which is the tensor product of char (Ox,y,Ox,y) at nonsingular x ∈ y and char (Ox,y,Ox,y) at singular x ∈ y then the summation formula corresponds to the Riemann-Roch theorem for y.
For more details on the measure and integration see [F5] .
Explicit two-dimensional class field theory
The higher class field theory is not used in the study of the zeta integral, one just uses some of its objects or related objects. However, some basic knowledge of the higher class field theory can help a broader understanding of the whole theory. By various reasons the two-dimensional class field theory is still not well known to number theorists. Two first approaches to the higher class field theory are due to Parshin in positive characteristic (his approach is very explicit, it uses topological Milnor K-groups and the higher Artin-Schreier-Witt pairing, as a higher dimensional generalization of the classical explicit approach to the one-dimensional class field theory in positive characteristic by Kawada and Satake, see sections of [IHLF] for a review) and to Kato and Saito (their approach is very general and not easy, see [K2] for a review). We briefly sketch the main local and global theorems in the two-dimensional class field theory.
4.1. Local theory. Let F be a nonarchimedean two-dimensional local field with one-dimensional residue field E. The one-dimensional reciprocity map is an injective homomorphism E × −→ Gal (E ab /E) with dense image, such that for a finite abelian extension R/E it induces an isomorphism
To implement a natural idea of lifting it to the level of F such that the right hand side is replaced by Gal (F ab /F ) one more or less quickly understands that E × = K 1 (E) should be replaced by something close to the Milnor K 2 -group of F . Recall that K 2 (F ) is the quotient of F × ⊗ F × by its subgroup generated by x ⊗ 1 − x. The image of x ⊗ y in K 2 (F ) is denoted by {x, y}, and the map
, (x, y) → {x, y} is called the symbol map. The group operation in K 2 (F ) is normally called addition and one uses the additive notation.
There is a natural boundary map K 2 (F ) −→ K 1 (E) which serves as one side of the commutative diagramme connecting the reciprocity maps in dimension two and one. The two-dimensional reciprocity map K 2 (F ) −→ Gal (F ab /F ) is not injective but its image is dense. It can be proved that the kernel of the reciprocity map for two-dimensional fields whose first residue field is of positive characteristic equals ∩ l 1 lK 2 (F ), and this subgroup equals the intersection of all open neighbourhoods of zero in the strongest topology on K 2 (F ) in which the addition in K 2 (F ) is continuous and the symbol map is continuous in each argument with respect to the topology on F × defined in the first section, see [F1] for more details. Thus, even before developing the class field theory it makes sense to introduce a topological
where Λ 2 (F ) = ∩ l 1 lK 2 (F )+ the intersection of all neighbourhoods of zero, with the induced topology. It is much easier to work with the topological K-groups, since using topological generators one can operate with infinite topologically convergent products and sums. Using explicit pairings: the higher dimensional tame symbol, the Artin-Schreier-Witt-Parshin and Vostokov pairings (see section 6 of [IHLF] ) one can get various information on the structure of K t 2 (F ), which are stronger than the results on its natural factor filtration obtained in purely algebraic way.
In the explicit class field theory (see section 10 of [IHLF] ) a major role is played by a surjective homomorphism
In the nonarchimedean case we have
We have a commutative diagramme
The vertical map sends α ⊗ t 2 m to (α m , 1); the surjective diagonal map is induced by the symbol map; the first horizontal map is the projection on the second component, and the composition of the first and second horizontal maps is induced by t. The second horizontal map does not depend on the choice of local parameters. An analogue of the unramified quasi-character in the classical theory is a homomorphism | |
which sends {t 1 , t 2 } to q −s , q is the cardinality of the finite residue field of F , and which sends U K t 2 (F ) to 1. In the case of fields of type (3), F = E((t)) where E is an archimedean local field, define t:
, where the first map is (p, p), p is the residue map and the second map is (α, β) → {αβ, t}. Denote by K t 2 (F ) 0 is the cyclic group generated by {−1, −1}, it is nontrivial if and only if E is real. We have a commutative diagramme
where the vertical map sends α ⊗ t m to (α m , 1), and the surjective diagonal map is induced by the symbol map. Define a homomorphism | | 2 : K t 2 (F ) −→ C × , it sends the image of t, {α, t}, α ∈ E × , to |α| E , and it sends its orthogonal complement K t 2 (F ) 0 to 1. Here |α| E is the module associated to the measure µ E defined in section 1.
In each case the composite | | 2 • t is the module map | | on T . The group N = |T | equals the multiplicative group of positive real numbers or the cyclic group generated by q > 1.
If χ: K t 2 (F ) −→ C × is a continuous quasi-character, then similar to dimension one it is easy to show that it is the product of | | s 2 and a character χ 0 of finite order which is trivial on {t 1 , t 2 }. One can show that the topology of K t 2 (F ) on the level of subgroups coincides with the induced via t topology of T (which is induced from
The symbol {t 1 , t 2 } modulo units plays in the two-dimensional class field theory the role of a (K t 2 -) prime element: its image in the Galois group restricted to the purely unramified extension F of F corresponding to the maximal algebraic extension of the finite residue field is the Frobenius automorphism. For a nonarchimedean two-dimensional local field F the inverse morphism Ψ F to the reciprocity homomorphism Φ F : K t 2 (F ) −→ Gal (F ab /F ) has a very explicit description, Ψ F sends an element σ of a finite Galois extension L of F to the norm of a prime element in an appropriate finite extension of F , the fixed field of a good lifting of σ to LF /F , see section 10 of [IHLF] .
When F is of type (3) its topological K 2 -group is not too useful for a description of abelian extension of F , which are anyway very easy to describe.
4.2. Global theory. Now we turn to the global two-dimensional class field theory for an arithmetic surface S as in section two (even though the main theorems of this theory can be stated more generally for integral schemes projective over Z). For main general results see [P2] , [KS1] , [KS2] . We actually need an adelic (K-delic) form of the main theory, which is not explicitly available from those sources. We will define two objects J S and P S which are analogues of the idele group and the multiplicative group of global elements.
Using the local maps t define
(K x,y ) the image of this homomorphism. This J S is a simplified and a reduced version of J S introduced in [F5] : the difference is that in the case where K has a structure of ordered field we ignore a part of the Galois group of K which corresponds to the symbol {−1, −1} ∈ K t 2 (R((t))) locally associated to the ramified extension R((t 1/2 ))/R((t)). Anyway, we will soon concentrate on the unramified part only. Below the word "almost" means that we ignore this part of the Galois group of K.
Define the topology of J S as induced via t from the topology of A S × A S × . Define
where the restricted product signs mean the intersection of J S with the image with respect to ∆ induced by diagonal field embeddings. Endow J S /P S with the induced topology. Then we have the global reciprocity map
where Φ x,z are local reciprocity maps. The map Φ S vanishes on P S . Continuous characters of finite order of the Galois group of the function field K of S are (almost) in one-to-one correspondence with continuous characters of finite order of the K-delic class group C S = J S /P S via the reciprocity map. For (almost) every finite Galois extension L/K the map Φ S induces an isomorphism
This follows from the results of Kato and Saito. Denote by | | 2 : J S → R × the product of the local modules | | 2,x,y . Every continuous quasicharacter χ on J S /P S is the product of | | s 2 , s ∈ C and a character χ 0 of finite order trivial on {t 1 , t 2 }. 4.3. Objects for the unramified theory. As we will be mainly interested in the unramified situation we now describe a simplified version of objects J S , P S which provides background objects for the definition of the unramified zeta integral in dimension two.
Recall that for regular points x one has the following exact sequence
where w runs through all prime ideals of height 1 in the ring O x , see e.g. [Bl1] . Note that the image of ⊕K 1 (E x,z ) coincides with the image of its vertical part. This gives an exact sequence
where z runs through all local branches at x of curves y on S. Thus, in J S /P S we can move modulo K 2 (K x ) the contribution of local (K t 2 -) prime elements in K t 2 (K x,z ) for branches z of all horizontal curves y passing through x to the vertical branches. Then we are left with U K t 2 (K x,z ) on branches of all horizontal curves on S. Also, if x is a singular point of a fibre then factorizing the product of K at x modulo the image of K 2 (K x ) we see that that we can work modulo units with just one copy of K t 2 (K x,z ) for every x in every fibre. We give only the "first approximation" of the definitions of the data at singular points to avoid lengthy technicalities, for a complete description see [F5] .
Keeping all this in mind, for a subset S o of curves on S define an object
where for every point x of a fibre y only one copy of T x,z corresponding to one local branch of y at x participates.
For S as in section 2, denote
The K 2 -delic object J equals J S defined in section 35 of [F5] .
Define homomorphisms u: A × A × −→ T , which is the identity for all pairs (x, z) distinct from those attached to singular points of fibres, in the latter case of several local branches at x this homomorphism forgets the data at all of them except one, and v: T S −→ A S × A S × which for singular x sends α x,z to its diagonal image in the object associated to local branches of a fibre at x (for more accurate definitions see [F5] ). For α ∈ T denote α . = v(α).
Denote by J 1 S the kernel of | | 2 and 
Then the following diagrammes are the adelic version of the diagrammes in 4.1
Here the left horizontal homomorphism is the map u defined above. These commutative diagrammes glue together in a special and important way the adelic structures of the first and second type, corresponding to the integral structures of rank 1 and rank 2 on the surface. For the unramified (with respect to the structure of rank two) theory elements of U K t 2 (K x,z ) do not matter, and hence for this purpose we can replace J S /P S by J/P . The induced homomorphisms from T S to J S /(P S +U J S ) and from T to J/(P +U J) are surjective. We also deduce that J 1 /(P +U J) is naturally isomorphic to J 1 S /(P S +U J S ). The latter is isomorphic to the (zero degree part in positive characteristic) CH 0 (S) 0 of the Chow group of zero cycles on S, which from the point of view of class field theory plays the role of the (zero degree) class group in dimension one. In dimension one the finiteness of the class group, as well as the Dirichlet theorem follow from the calculation of the zeta integral, see [I2] . Similarly in dimension two the finiteness of several groups including CH 0 (S) 0 can be deduced from a calculation of the two-dimensional zeta integral.
Zeta integrals
We will define zeta integrals in the local case and then in the adelic case.
The generic formula.
In this text we use rescaling maps o and rescaled functions g. One can avoid using them, see Remark below and [F5] for details.
The general formula for the zeta integral has a shape similar to the dimension one zeta integral:
where g is a function in the spaces R or Q defined in 1.3 and 2.2, χ is a quasi-character on the group which describes abelian extensions (K the group T , local or adelic; tildes and T stand for a certain rescaling of the original functions and groups. In the unramified theory without essential loss one can work with the zeta integral
First, we define rescaling local homomorphisms o and an adelic homomorphism o . For a nonarchimedean two-dimensional local field F choose local parameters t 2 , t 1 and define
where
and | | is the usual absolute value on E. Denote by o the bijection
On the adelic side define o = ⊗o x,z : T S −→ A S ×A S , and the inverse bijection o: o (T S ) −→ T S . For α ∈ T we will use the notation α = o (α).
For a complex valued continuous function f whose domain includes T and is a subset of F × F form f • o: o (T ) −→ C , then extend it by continuity to the closure of o (T ) in F × F and by zero outside the closure, denote the result by f o : F × F → C . Note that the closure of T in F × F is O × O. Denote g = f o : F × F −→ C and let f be the the continuous extension on O × O of g(α 1 , α 2 ) + 1 i 3 g((α 1 , α 2 ) ν i ), (α 1 , α 2 ) ∈ T , in the nonarchimedean case, where ν 1 = (t −1
is.
For a complex function g which is the tensor product of its local components g x,y define g as the tensor product of the local g x,y , and extend the definition to the space generated by such functions.
In the adelic case for a function g = ⊗g x,y on (A×A) × when we write integrals T g dµ, T g dµ T we integrate function h = ⊗h x,z for the pairs (x, z) as in the definition of T where h x,z = g x,z at nonsingular x and where the function h x,z is the pull-back of g x,y at singular x, see [F5] . Extend this definition to linear combinations of such functions g.
We will have different rescaling on vertical and horizontal curves. For a curve y denote by T 1,y the kernel of the module map on T y . Choose a set of multiplicative representatives M y ∈ T y of N y = |T y |. So if k(y) is of positive characteristic then N y is a cyclic group generated by q y > 1, if k(y) is of characteristic zero then N y is the multiplicative group of positive real numbers.
Define a map
The map o is continuous in the topology of A × A, using the maps u and v extend it by continuity to the closure of (A × A) × (which equals A × A) to get a map
Using the homomorphism t define for a function f on K t 2 (F ) or on J S the function f t as the pullback with respect to t to the local or adelic T . So | | 2 t is the module function | | on T . Now, for a function g in R F ×F or in R (A×A) × , spaces defined in 1.3 and 3.2, and a quasi-character
and an adelic zeta integral as
where we use the definition of the integral of a function with respect to the restriction to T given above. Of course, the adelic zeta integral depends on the choice of the set S of curves, which includes all vertical curves and finitely many horizontal curves, and which was fixed in section 2.
For g ∈ Q F ×F and g ∈ R (A×A) × the zeta integrals take complex values if converges.
Note that for a function g which is the product of its local components the adelic zeta integral is not the product of the generic local zeta integrals, since we use a different scaling on horizontal curves. For a subset S o of S define similarly ζ S,So (g, χ).
Remark. Recall that | | 2 t = | |. Hence in the unramified theory without essential loss one can work with the zeta integral
One can also use in the unramified theory the following equivalent definition: 5.2. Examples. All these formulas are very easy to use for concrete calculations of zeta integrals. For example, for the local nonarchimedean zeta integral
where χ = χ 0 | | s 2 , χ 0 is of finite order and trivial on {t 1 , t 2 }. If, moreover, for fixed j, l the value
Keeping in mind the normalization of the self dual measure µ x,z we also easily get
One can show, see [F3] , that if g ∈ Q F ×F , then the local zeta integral is a rational function of q −s , and for two such functions f, g one has a local functional equation
where χ := | | Instead of integrating over K t 2 -objects we integrate over K 1 × K 1 -objects using the morphism t. The kernel of t consists of units which can be ignored as far as the unramified theory is concerned. If one wants to develop a full theory, certain modifications of the previous constructions are required.
There are several alternative approaches to a ramification theory in dimension two, none of which is sufficiently general and satisfactory. A development of a comprehensive theory of ramified C((X))-valued zeta integral is likely to be closely related to such a general higher ramification theory. In relation to the ramification issues see also Theorem 5.5, which contains a new interpretation of the (tame part of the) conductor of elliptic curve.
5.3. Zeta integrals on curves and fibres. If g = ⊗ y∈S g y , where y runs through all horizontal curves in S and all fibres, then
Note that this integral diverges unless S is a model of elliptic curve over a global field, see below in this subsection, thus in the general case of arithmetic surfaces one will have to renormalize it as explained in the end of this section. Write the quasi-character χ as ⊗χ x,y . If, furthermore, g y = ⊗ x∈y g x,y , then we have the following formulas for fibre and curve integrals.
If y is a nonsingular fibre then ζ y (g y , χ) = x∈y ζ x,z (g x,z , χ x,z ) is the product of the generic local zeta integrals. For a fibre y we get
where if x lies on several components/branches then only one local zeta integral ζ x,z (g x,z , χ x,z ) participates in the product.
If y is horizontal in characteristic zero then ζ y (g y , χ) = x∈y ζ x,z (g x,z , χ x,z ) where the local factor equals Tx,z g x,z χ x,z tx,z dµ K
and therefore differs from the generic local zeta integral defined above, since T x,z differs from o (T x,z ) unless F x,z is archimedean.
If y is horizontal in positive characteristic, introduce an auxiliary zeta integral ζ
(α), to calculate which one can use the formulas for horizontal y in characteristic zero.
For simplicity we will assume that singular points of the reduced part of fibres are ordinary double points, then the canonical divisor on the reduced part of a singular fibre is the sum of divisors of each of irreducible components, which is a certain canonical divisor on the component, plus [x] where each singular point x participates twice: on each of the components it belongs to. Denote by q x,z the cardinality of the finite residue field k z (x) of a nonarchimedean two-dimensional field K x,z . For a horizontal curve or a fibre y define
where each point x participates only once, and e x,z = d x,z at nonsingular x ∈ y as fixed in 2.3, and e x,z = −1 at singular x ∈ y. From the classical one-dimensional theory it is very easy to see that for a nonsingular fibre c y equals q 2(1−gy) y , where q y > 1 defined in 5.1 is the cardinality of the algebraic closure of F p in k(y) and g y is the genus the curve y. For a singular fibre c y equals
x , where y runs through irreducible components of y, x runs through all singular points of the fibre y, q x is the cardinality of the residue field at x.
The example in 3.3 discusses an integral over (A × A) × which is closely related to the adelic zeta integral. In order that the integral converges we need to have x∈y q dx,z x,z = 1 for almost every fibre y. Hence g y should be 1 for almost every fibre y. This explains why we introduce from now on the following restriction. Now we specialize to the case where S = E is a regular model of elliptic curve E over a global field k. We will assume the set S − of horizontal curves in S contains the image of the zero section of E → B. We will also assume that singular points of the reduced part of its fibres are split ordinary double points. See the end of this section for a sketch of the general case.
5.4.
A centrally normalized function f . Now we define a centrally normalized function f ∈ Q A×A for which the calculation of the adelic zeta integral is straightforward. We will work with its zeta integral in the sections to follow. Put
and define the local factors as follows. For nonarchimedean (x, z) on vertical curves y in a nonsingular fibre and horizontal curves in characteristic zero put f x,z = char (Ox,z,Ox,z) . Then on a vertical curve y in a nonsingular fibre f y = f y and F(f y )(α) = f y (ν −1 y α) with some ν y ∈ T 1,y . Let y be a singular fibre. At singular x ∈ y put f x,y = q . At appropriate finite number of nonsingular x ∈ y modify char (Ox,z,Ox,z) :
1,x,z ), such that for f y = ⊗ x∈y f x,y we have
where ν y ∈ T 1,y . Just choose c x,z , c x,z such that x∈y q dx,z
. On a horizontal curve y in positive characteristic define f x,z (α) = char (Ox,z,Ox,z) (ε x,z α) with (ε x,z ) ∈ T y such that for f y = ⊗ x∈y f x,y we have F( f y )(α) = f y (ρ −1 y α) with ρ y ∈ T 1,y . Using the notation of 3.3, put over archimedean places f
For a fixed archimedean σ choose η ω,y ∈ R >0 equal each other, such that ω η 2eω ω,y = η 2n ω,y = c y where n = |k : Q| and c y is defined in 5.3.
For a horizontal y in characteristic zero define f y as having components char (Ox,z,Ox,z) at nonarchimedean data and f ω,y (α) = f pr ω,y (( √ η ω,y , √ η ω,y ) α) at ω, y. Then on horizontal curves in characteristic zero we have F( f y )(α) = f y (ρ −1 y α) with ρ y ∈ T 1,y . Put ρ y = ν y and define ρ = ⊗ y∈S ρ y ∈ T.
It is easy to check that f and f belong to the space Q A×A defined in 3.1.
5.5. The first calculation of the zeta integral. Now, using the previous formulas it is easy to obtain the following description of ζ(f, | | s 2 ).
Theorem. Let E be a regular model of elliptic curve E over a global field, as in 5.3. Assume in addition that E has good or multiplicative reduction in residue characteristic 2 and 3.
For every fibre y we have
For a nonsingular fibre c y = 1. For a singular fibre y = E b we get c y = |k(b)| f b +m b −1 where m b is the number of irreducible geometric components of the fibre, and f b is its conductor.
For every horizontal curve y the zeta integral ζ y (f, | | Recall that the (unramified) Hasse zeta function of a scheme S of finite type is
where x runs through the set of closed points on S. It is equal to the product b∈B 0 ζ S b (s),
If S is an arithmetic surface it is easy to see that ζ S (s) absolutely and normally converges on (s) > 2. If E is a model of elliptic curve over a global field then it is well know that ζ E (s) extends to a meromorphic function on (s) > 3/2 with the only simple pole(s) at s = 2 in characteristic zero and q s = q 2 in positive characteristic.
The Hasse-Weil zeta function ζ E (s) factorizes as b∈B 0 ζ E b (s) and ζ E b (s) is the Hasse zeta function of the model corresponding to a minimal Weierstrass equation of E at b. If E has a global minimal Weierstrass equation then ζ E (s) = ζ E 0 (s) where E 0 is it the arithmetic scheme corresponding to such an equation.
The previous theorem implies a comparison of the zeta integral and the square of the Hasse function of E which, in particular, shows the convergence of the zeta integral on the half plane (s) > 2.
Corollary. Let E be as in the theorem. On (s) > 2 we get
The first factor c E,S (| | 5.6. A very short sketch of the general case. In the general case of S whose generic fibre is a curve of genus g > 1 the adelic zeta integral diverges, due to the appearance of the same factor c 1−s y for infinitely many vertical curves.
Let f be the tensor product of char (Ox,z,Ox,z) for P 1 (B). In the general case of S introduce a (renormalized) zeta integral
For a nonsingular fibre y the y-factor c 1−s
is cancelled out by the y-factor of ζ P 1 (B) f, | | s 2 g−1 which is equal to its inverse, and the product over the fibres in the definition of the renormalized zeta integral converges for (s) > 2. Similar to the previous calculation one deduces that for (s) > 2 the zeta integral ζ S,S f, | | s 2,S equals the product of ζ P 1 (B) (s) 2g−2 ζ S (s) 2 and of a factor c S,S (| | s 2 ) which is the product of exponential and Euler factors for vertical curves in singular fibres and of the factors for horizontal curves in S .
Second calculation of the zeta integral and the boundary term
We continue to assume that S = E as fixed in 5.3. As in the one-dimensional theory the second calculation of the zeta integral uses the splitting of T into the product of the group T 1 of elements of module 1 and of the module value group N = |T |, and splitting of T 1 into the product of T 0 and of T 1 /T 0 where T 0 is a certain proper subgroup of (B × B)
× , and then when integrating over T 0 one uses the summation formula of 3.5. Recall that [F5] does not use rescaling maps, and hence its similar formulas are slightly different from the formulas below. Denote
u was defined in 4.3. Denote by U T the intersection of T 1 with the product of the nonarchimedean part of T ∩ T 1x,z and of the archimedean part of T for (ω, y)'s. The group U T is open in T 1 .
Since
Thus we have the compatibility of the K 1 × K 1 -objects T and T 0 and the K 2 -objects J and P , up to units.
From the adelic commutative diagramme in 4.3 we get a commutative diagramme
where the diagonal map is the symbol map, and the maps are the restriction of the appropriate maps in that diagramme. Denote
Then T = T 1 M. Introduce similar objects for y ∈ S . Let y 0 be the image of the zero section, y 0 ∈ S − ; then N y 0 = N . Choose multiplicative representatives m n ∈ T y 0 of N such that |m n | y 0 = n ∈ N y 0 = N . The groups N, M are locally compact groups. Let µ N be the appropriate measure on the group N , as in the one-dimensional theory, corresponding to the counting measure in positive characteristic case and corresponding to the induced from R × , dn/n in characteristic zero case. As in dimension one, but with a little more effort, see section 43 in [F5] , one can define integrals
The measure µ M on M corresponds to the measure µ N . The measure µ M equals an appropriate non-zero constant c 0 times dm/m; c 0 = 1 if k(y 0 ) is of positive characteristic, and c 0 = 2 n , n = |k(y 0 ) :
6.2. Two dimensional theta formula. It is easy to see that for a vertical curve y and for the function g = ⊗char (Ox,y,Ox,y) the integral By×By g dµ By×By is q 2 y , q y is the cardinality of the maximal finite subfield of k(y). Therefore the product of such fibre integrals for all vertical y diverges. We will have to introduce on T 0 a rescaled measure so that the integral is 1 for almost all vertical curves.
Put d y = 1 for horizontal curves. For a vertical curve y put d y = (q y − 1) −2 . Let S o be a finite subset of S which contains all horizontal curves in S and all vertical curves in singular fibres. Denote d So = y∈So d y . Suppose that g = ⊗g y ∈ Q A×A and there is a finite set of curves outside which d y g • o dµ (By×By) × = 1. Note that g x,z g x,z = g x,z for two branches z, z of a fibre at singular x. Hence for every α ∈ (A × A)
× we get g(α) = g(u(α)). Keeping all this in mind define
× , this is the boundary with respect to the topology of A × A. Introduce, similarly to the above,
Let f be as fixed in 5.4. If y is a nonsingular fibre then both integrals β) are equal to 1, where ρ is defined in 5.4. The functions β → f (αβ) and β → f (ρ −1 α −1 β) satisfy the conditions in the previous paragraph and for them (denote it by g) we get
Note that the measures µ T 0 , µ ∂T 0 , and lim So d So µ B So ×B So are not the lifts of the discrete counting measure on y∈S k(y) × k(y).
Using the summation formula of 3.5 for infinitely many finite subsets of horizontal and vertical curves in S we obtain the following two-dimensional theta formula
This formula glues together differently normalized structures on vertical and horizontal curves which results in the appearance of [α] .
6.3. The second calculation of the zeta integral. As in dimension one, but with more effort, one can define µ T 1 /T 0 , such that for appropriate functions g
Introduce "halves" of M : For m ∈ M denote
where, as agreed earlier,
Following the classical path we observe that the absolute convergence of ζ(f, | | Section 45 in [F5] contains the proof of the two-dimensional version of the main result of one-dimensional adelic analysis.
is an entire function on the complex plane. The boundary term ω(| | s 2 ) for (s) > 2 is given by
Using the theta formula established earlier we can rewrite it as
Thus, the meromorphic continuation and functional equation of ζ(f, | | s 2 ) and the study of its poles are reduced to establishing those properties for ω(| | s 2 ). The structure of the boundary term is more complicated and much richer than that in dimension one. Its study is a new challenge.
Hypothesis on mean-periodicity and meromorphic continuation
In this section we state a hypothesis about mean-periodicity of a function h. When this hypothesis is proved it will imply meromorphic continuation and functional equation for the zeta function of E. Since mean-periodicity is weaker than periodicity, and the latter is one of properties of modular functions, the hypothesis in this section can be viewed as a weaker version of the Taniyama conjecture.
7.1. The function h. For every n ∈ N make in appropriate places change of variable γ → γ −1 and γ → ργ and define an important object of study, a function h(n)
The function h(n) does not depend on the choice of m n corresponding to n, described in 6.1. The integral N − h 1 (n) n s−2 dµ N − (n) extends to an entire function on the complex plane, see section 46 of [F5] The boundary term ω(| | s 2 ) has the following integral presentation for (s) > 2 2 λ(t) + k 1 h(q −k ) q 2k λ(t − k log q) in positive characteristic, where q > 1 is the generator of N in positive characteristic, λ(t) is the characteristic function of positive real numbers.
The function c 0 h(n) is equal to l(n)n 2 − l(n −1 ) where the function l(n) is the inverse Mellin transform of ζ(f, | | s 2 ):
For more explicit formulas for h see the next section.
Immediately from the definition we get the following functional equation
Hence e t h(e −t ) in characteristic zero and q t h(q −t ) in positive characteristic are odd functions of t, and ω(| | 1+s
2 ) is the Laplace-Stieltjes transform of an odd function.
7.2. Mean-periodic functions. Now we discuss the analytic shape of the function h. We are interested to see what should be an additional condition on an odd infinitely differentiable function g so that its Laplace-Stieltjes transform extends to a meromorphic function on the plane satisfying G(s) = G(−s). There is no necessary condition, apparently, but there is a reasonably sufficient one which we describe below. Recall the definition of a mean-periodic function in a classical space of functions on R. Start with the space C(R) of continuous functions on the line endowed with the topology of uniform convergence on compact subsets. A complex valued function g is called mean-periodic in C(R) if one of the following equivalent conditions is satisfied: a) there exists a closed proper linear subspace of C(R) which contains all translates of g; b) g is a solution of a homogeneous convolution equation g * µ = 0 where µ is a non-zero element in the dual space of C(R), i.e. µ is a non-zero complex valued regular Radon measure carried by a compact subset on the line. These two conditions imply and are implied by the following condition c) g is the limit in C (R) of linear combinations of polynomial exponentials p i (x)e zix each of which is annihilated by µ.
In the case of C(R) the class of mean-periodic functions is an extension of the class of periodic functions; it is related to but does not contain the class of so called almost periodic functions.
Similarly one gives the definition of a mean-periodic function in other spaces of functions on R and on Z. An element g of a given functional space X is called mean-periodic if it is a solution of a homogeneous convolution equation g * τ = 0 where τ is a non-zero element of the dual space X * .
For the theory of mean-periodic functions in C(R) see [Kh] , for a short review see [Me, ; for mean-periodic functions in E(R) see [BG] , [BT] , [BS] ; for more general case of functional spaces see [N1] , [N2] .
Define the causal function g + associated to g g
If g is mean-periodic in X and if g is of finite exponential growth then g + • τ ∈ X * and for sufficiently large (s) its Laplace-Stieltjes transform equals to the function
This does not depend on the choice of τ = 0. Both the numerator and denominator extend to entire functions on the plane, and hence G(s) has meromorphic extensions to the plane. It is called the Laplace-Stieltjes-Carleman transform of g.
In the case of an odd mean-periodic function g the function G(s) is a symmetric: G(−s) = G(s).
A hypothesis on mean-periodicity. Now we state
Hypothesis. The zeta integral ζ(f, | | 1+s 2 ) is the sum of an entire symmetric function and the Laplace-Stieltjes-Carleman transform of an odd mean-periodic function in an appropriate functional space.
More precisely, the spaces X = C ∞ exp (R) of infinitely differentiable functions on R of exponential growth and X = F(Z) of functions on Z should do the job in characteristic zero and positive characteristic.
These mean-periodic function and entire function are then uniquely determined. If the hypothesis were proved then by the above discussion the zeta integral and hence the square of the zeta function of E would have meromorphic extension to the plane and satisfy appropriate functional equations.
Keeping in mind the material of the previous section, to verify the hypothesis one only needs to show that the boundary term ω(| | 1+s
2 ) is the sum of a symmetric entire function and the LaplaceStieltjes-Carleman transform of an odd mean-periodic function.
Recall that one can define the Hasse-Weil zeta function
of E which depends only on the generic fibre of E, unlike the zeta function ζ E (s), see Then
where if m b = 1 then n i,b are certain positive integers, 1 i n b (n b is the number of irreducible components in the singular fibre E b with the component intersecting the zero section excluded), such that 1 i n b n i,b = m b − 1. This easily follows from [Li, Thms 3.7, 4.35 in Ch. 9 and section 10.2.1 in Ch. 10], see also , [T2] , and for a cohomological interpretation [Bl2, p.300] . In particular, n E (s) and n E (s) −1 are holomorphic for (s) > 1.
Thus in view of the previous discussion we get (see also section 48 in [F5] )
Theorem. Let S = E be as above. Suppose that the function
is a mean-periodic function in an appropriate functional space on R and Z. Then the zeta integral ζ(f, | | s 2 ) of E and the zeta function of E and of E extend meromorphically to the plane and satisfy the functional equations:
c E is the norm of the conductor of E.
To establish the mean-periodicity of H further study of the integral over ∂T 0 will be useful.
7.4. Remarks. 1. Pursuing an analogy with L-functions, the Laplace transform of h in some sense corresponds to the Mellin transform for a modular L-function, and the functional equation of h and mean-periodicity of H is in some sense a weak analogue of the automorphic property of the L-function.
2. In positive characteristic the known rationality in q s and functional equation of the zeta function imply the mean-periodicity of H in the space F(Z).
2bis (added in January 2008). In characteristic zero a recent work [SRF] shows that if the zetafunction of E has meromorphic continuation of expected shape and satisfies the functional equation then the corresponding functions h and H are indeed mean-periodic as elements of appropriate functional spaces. In particular the function H is mean-periodic in the space C ∞ exp (R) . More generally, [SRF] demonstrates new links between Hasse zeta functions which have meromorphic continuation of expected shape and satisfy the functional equation and mean-periodic functions in C ∞ exp (R) . Let g(x) is the inverse Mellin transform of the product of an appropriate positive power of the completed Riemann zeta function and the completed Hasse zeta function of an arithmetic surface which is rescaled to have the expected functional equation with respect to s → 1 − s with sign . Then g(e −t ) − e t g(e t ) is a mean-periodic function in C ∞ exp (R) if and only if the completed zeta function extends to a meromorphic function of expected shape and satisfied the functional equation.
For modular curves the convolutor for H can be obtained using the Connes-Soulé approach ( [C] , [So] , [D] ) to zeros of GL(2) cuspidal automorphic representations, which in this sense is dual to the two-dimensional commutative theory, see [Su2] .
3. The functional equations of ζ E (s) and ζ E (s) do not involve Γ-functions. In characteristic zero the completed L-function Λ E (s) is the product of L E (s) and a certain factor Γ E (s), see e.g. [Se3] . However, the ratio Γ E (s)/Γ P 1 (B) (s), where
, is a simple rational function; for example (s − 1)/(4π) if k = Q. Its square is invariant with respect to s → 2 − s. Thus, the factor Γ E (s) in the functional equation of the denominator L E (s) of the zeta function is essentially due to the factor Γ P 1 (B) (s) in the functional equation of the numerator of the zeta function. Using the previous Theorem and the formula for c E,S (s) in 5.5, one can easily see that the mean-periodicity of H(t) implies the functional equation of L 2 E with its conjectured exponential factor exactly as described in . For more detail see 5.4 of [SRF] .
4. An analogue of this theorem in the case of an arbitrary regular model S of a curve of genus g > 1 would be
the factor c S (s) is the product of exponential factors associated to curves in singular fibres, see section 57 of [F5] for more details.
Monotone behaviour and poles of the zeta integral
In this section we will assume without loss of generality that S contains one horizontal curve, the image of the zero section. We study the asymptotic behaviour of h(n) near 0. The boundary ∂T 0 of the space T 0 is very large in dimension two, which is likely to result in more decent (monotone) behaviour of certain integrals of functions on it, and functions associated to h, and therefore to give more information on the location of poles of the zeta integral which essentially correspond to zeros of the L-function.
For n ∈ N define Log (n) = log n in characteristic zero, log q (n) in positive characteristic.
In positive characteristic define the derivative of a function g:
The singular behaviour of N − h(n) n s−2 dµ N − (n) at s = 2 (resp. q s = q 2 in positive characteristic) corresponds to the singular behaviour of the zeta integral and hence its first pole from the right is at s = 2 of order 4. Let its principal part at s = 2 be 1 i 4 a i (s − 2) −i with nonzero a 4 . Let w(t) = 0 i 3 c i t i be a polynomial of degree 3 such that N − w(− Log n) n s−2 dµ N − (n) equals this principal part. Put c = c 3 . It is then easy to deduce that for the function H(t) defined in the previous section (t ∈ Z in positive characteristic) we have
In particular, in positive characteristic the third derivative h(n) − 3h(nq) + 3h(nq 2 ) − h(nq 3 ) tends to 6c when n → 0 and in characteristic zero the third derivative h(e −t ) tends to 6c when t → ∞. We also deduce that H(t) and its first derivatives are monotone for all sufficiently large t.
8.1. The monotone behaviour of the third derivative of H(t). We can ask a natural question about the monotone behaviour of the third derivative of H(t) near infinity.
Hypothesis ( * ) = ( * ) E . The fourth derivative of H(t) keeps its sign for all sufficiently large t.
In characteristic zero this hypothesis can be translated into the following. Let k be of a number field. Let Θ be the the theta function associated to k, so if k = Q then Θ(x) is the classical ϑ(x) = k∈Z exp −πk 2 x .
For positive real a, b denote
Denote by c(ν) the coefficients of the generalized Dirichlet series
where c is the product of all c E b , defined in section 5, for all fibres. One can show that
where e is the square of the one-dimensional normalized measure of the norm one idele class group of the field k(y 0 ), see sections 51-52 of [F5] . This implies that h(e −t ) = −e Z(e −t ), where
Hence the hypothesis ( * ) is equivalent to permanence of the sign of Z(x) in some open interval (0, x c ), with x c depending on the sequence c(ν). See [Su1] for various analytic aspects of condition ( * ). (t) and the proof of the following property: Suppose that there are no poles of the zeta function ζ E (s) inside the strip 1 < (s) < 2 and that the order of the pole at q s = q is greater than the order of any other s with q s = q, (s) = 1. Then H (4) (t) keeps its sign for all sufficient large t.
Theorem. In characteristic zero let r(t) be the second derivative with respect to t of h(n) + c Log (n) 3 , n = e −t .
In positive characteristic let r(t) = h(1) 2 λ(t) + h(q −1 ) − 3h(1) 2 λ(t − log q) + h(q −2 ) − 3h(q −1 ) + 3h(1) 2 λ(t − 2 log q)
+ h(q −3 ) − 3h(q −2 ) + 3h(q −1 ) − h(1) 2 λ(t − 3 log q)
where h(n) = h(n) + c (Log n) 3 and the function λ(t) is the characteristic function of positive integers. Suppose that hypothesis ( * ) holds. Then in every characteristic r(t) is monotone for all sufficiently large t.
Denote by x 0 the abscissa of convergence of Proof. The integral N − h(n) + c Log (n) 3 n s−2 dµ N − (n) multiplied by (s − 2) 3 in characteristic zero equals ∞ 0 e −(s−2)t dr(t) − 0 j 2 (s − 2) 2−j h(e −t ) − ct 3 (j) (0). This integral multiplied by
(1 − q 2−s ) 3 in positive characteristic equals ∞ 0 e −(s−2)t dr(t) where r(t) is as above. In each case R(s) is a holomorphic function near s = 2 (resp. all s such that q s = q 2 in positive characteristic). Hence its abscissa of convergence x 0 is smaller than 2.
If r(t) is monotone for t close to infinity, then the classical properties of the Laplace-Stieltjes transform of monotone functions imply that R(s) has a real singular point x 0 on its line of convergence (s) = x 0 and is holomorphic in (s) > x 0 . Thus, x 0 is a real pole of R(s) . Using the relation between R(s) and ω(| | s 2 ), and the zeta integral, we deduce that all these functions are holomorphic inside the strip (s) ∈ (x 0 , 2). See also section 54 in [F5] .
8.5. From the relation between the zeta integral and zeta function and the relation between the zeta function and L-function in the previous section we obtain Corollary. Let the assumptions of the theorem hold. Assume that the zeta function ζ E (s) (or equivalently, L E (s)) extends to a meromorphic function on the half-plane (s) > 1. Suppose that ζ E (s) (resp. L E (s)) has no real poles (resp. real zeros) in (1, 2) . Then the the zeta integral ζ(f, | | s 2 ) does not have complex poles with (s) ∈ (1, 2).
Assume, in addition, that the zeta function ζ E (s) extends to a meromorphic function on the plane and satisfies the functional equation, then the poles of ζ(f, | | s 2 ) inside the critical strip (s) ∈ (0, 2) lie on the critical line (s) = 1.
In dimension one it is elementary to show that the zeta function does not have real zeroes in the critical strip outside the critical line. In contrast, the real zeros part of the Riemann hypothesis for the L-function of elliptic curves E over number fields is not known in general. However, from the computational point of view it is not difficult to check the real part for a given L-function. For computational results on low lying zeros (including real zeros) of L-functions of elliptic curves over rationals of conductor < 8000, see [R] . They imply the real part of the Riemann hypothesis for those curves.
Thus, if condition ( * ) holds for any of those elliptic curves then the Riemann hypothesis holds for poles of ζ k (s/2) ζ E (s) and ζ k (s/2) ζ k (s) ζ k (s − 1)/L E (s).
M. Suzuki proved the following result in [Su1] which gives an inverse result to the preceding statement. Suppose that L E extends to an entire function satisfying the functional equation and let the Riemann hypothesis hold for the L-function. If all nonreal zeros of L E (s) = L E (s)n E (s) −1 on the critical line are single, and if the estimate 0< (z) x |L E (z)| −2 = O(x) holds, where z runs through all zeros of L E (s) on the critical line, then the function Z E (x) is negative for all sufficiently small positive x. If all nonreal zeros of L E (s) on the critical line are single, L E (1) = 0 and if the estimate 0< (z) x |L E (z)| −2 = O(x) holds, where z runs through all zeros of L E on the critical line, then the function Z E (x) is negative for all sufficiently small positive x.
Even if the analytic rank of E is zero, the computations in 8.3 indicate that sometimes the function Z E (x) tends to keep its sign near zero.
9. Boundary integral and the pole at s = 1 Recall (section 2) that there are three levels of objects associated to S: the full adelic space A, the space B which has a feature of both local and global objects, and finally the discrete object K. In the preceding study of the zeta function of the surface (and the class field theory of the field of rational functions on the surface) the objects related to the first two levels play a dominant role. This corresponds to the work with zero-cycles on S, and with structures of codimension two or integral structures of rank two. Now we will involve the bottom level K and its relation to the middle level B as well. The study of functoriality issues is usually quite separated from the study of special values of zeta functions, and in the terminology of this work they proceed on different levels of adelic objects. Using the objects of all three levels and the integral representation of the boundary term this section outlines a new method to settle the equality of the analytic and arithmetic ranks of the zeta function of E at s = 1.
We assume that E is as fixed in 5.3. In addition, we assume that the boundary term ω(| | s 2 ) = N − h(n)n s−2 dµ N − (n) and hence ζ E (s) and L E (s) have analytic continuation and satisfy the functional equation.
As in 6.3 we get ω(| | Let r be the arithmetic rank of E. Choose horizontal curves y i , i ∈ I, |I| = r + 1, which include the image of the zero section, and the curves corresponding to a choice of free generators of the group E(k), so r is the arithmetic rank of the E. Take S − = {y i : i ∈ I}.
For every singular fibre take all its components, except one which intersects the zero section, and denote them y j , 1 j n b , n b as in 7.3, b runs through closed points in the base for which the fibre E b is singular. In addition, in positive characteristic choose one nonsingular fibre y * . Denote the whole collection by y j , j ∈ J. Now we sketch a new method to prove the equality of the arithmetic and analytic ranks of E which is based on the theory of this work. We would like to show that the order of the pole of the zeta integral at s = 1 equals 2|I| + 2|J|. If so, then using the comparison of the zeta integral ζ E,S (f, | | s 2 ) with the zeta function of E in section 5, and the relation between the zeta function of E and L-function of E in section 7, we would obtain that the analytic rank of E equals r. The desired equality would follow from (a) and (b).
